Abstract. We consider the stationary and non-stationary Navier-Stokes equations in the whole plane R 2 and in the exterior domain outside of the large circle. The solution v is handled in the class with ∇v ∈ L q for q ≥ 2. Since we deal with the case q ≥ 2, our class may be larger than that of the finite Dirichlet integral, i.e., for q = 2 where a number of results such as asymptotic behavior of solutions have been observed. For the stationary problem we shall show that ω(x) = o(|x|
Introduction
We consider the homogeneous stationary Navier-Stokes equations −∆v + (v · ∇)v + ∇p = 0 div v = 0 (1.1) in R 2 or an exterior domain B c r0 ≡ {x = (x 1 , x 2 ) ∈ R 2 ; r = |x| > r 0 } with some constant r 0 > 0. Here, v = v(x) = (v 1 (x), v 2 (x)) and p = p(x) are the velocity vector and the scalar pressure, respectively.
In the pioneer paper by Leray [14] , there is a solution v of (1. where ω is the vorticity ω = ∂ x1 v 2 − ∂ x2 v 1 . Later on Amick [1] and KorobkovPlieckas-Russo [10] proved that every solution v of (1.1) with the finite Dirichlet integral (1.2) is bounded as in (1.4) , and so necessarily satisfies (1.5) and (1.6).
Recently, Korobkov-Plieckas-Russo [11] succeeded to obtain a remarkable result which states that every solution v of (1.1) with (1.2) converges uniformly at infinity, i.e.,
where v ∞ ∈ R 2 is the constant vector as in (1.5). On the other hand, for the small prescribed constant vector v ∞ ∈ R 2 , the existence of solutions v of (1.1) with (1.2) having the parabolic wake region has been fully investigated by Finn-Smith [6] .
In this paper, we consider a generalized class r>r0 |∇v(r, θ)| q dx < ∞ with some 2 < q < ∞.
Since our domain is unbounded and since we are interested in the asymptotic behavior of solutions v of (1.1), the larger q, the weaker the assumption on the decay of ∇v at the spatial infinity.
Our first result is on the following pointwise decay estimates for the vorticity ω = ∂ x1 v 2 − ∂ x2 v 1 . Theorem 1.1. Let v be a smooth solution of (1.1) in B c r0 = {x ∈ R 2 ; r > r 0 } satisfying (1.8) with some q ∈ (2, ∞). Then, we have 
(ii) We do not know about the asymptotic behavior of ∇v at the spatial infinity for general q ∈ (2, ∞) due to the lack of the information about the Dirichlet growth condition of ω. 
with some q ∈ (2, ∞). Then, v must be a constant vector. [3, 4, 5, 7, 13, 16] .
Next, we consider the Cauchy problem of the 2D non-stationary Navier-Stokes equations
(1.11)
We also deal with the corresponding problem for the vorticity
Theorem 1.3 (Energy identity).
Let ω be a smooth solution of (1.12). We assume that there exists q ∈ [2, ∞) such that ω 0 ∈ L q (R 2 ) and
hold. Then, we have the energy identity
From the above theorem, we immediately have the following Liouville type theorem. 
) is smooth and satisfies the energy identity Hereafter, we denote by C positive constants depending only on the quantities appearing in parentheses.
The proof of Theorem 1.1 is similar to that of [8, Theorem 5] . Our idea is to control the quantity
A similar quantity is also used in [2] . We first show the asymptotic behavior for a vector field satisfying (1.8).
Proof. We first take a cut-off function χ ∈ C ∞ (R 2 ) so that χ(x) = 0 (|x| ≤ r 0 ) and 
where the constant C > 0 is independent of ε. Since ε is arbitrary, we conclude lim sup r→∞ r
is a smooth solution of (1.1) in r > r 0 , and there exists q ∈ (2, ∞) such that
Then, the vorticity
Proof. Let R > r 1 > r 0 and take ξ 1 , ξ 2 ∈ C ∞ ((0, ∞)) so that
We define
We easily see that
Since ω satisfies the vorticity equation ∆ω − v · ∇ω = 0 and η R = 0 near r = r 0 and r = ∞, integrating the above identity on {r > r 0 }, we have
From Lemma 2.1, we see r −1+2/q |v(r, θ)| ≤ C and hence,
The right-hand side is finite and so is the left-hand side. Letting R → ∞, we complete the proof.
From the above lemma, we obtain the following decay estimate of ω, which is the assertion of Theorem 1.1.
Lemma 2.3. Under the assumption of Lemma 2.2, we have
Proof. We first note that when 2 n > r 0 , the inequality
holds. From the mean value theorem for the integration, there exists a sequence r n ∈ (2 n , 2 n+1 ) such that On the other hand, integrating the identity
Multiplying it by r n and using (2.3), we see that
By Lemma 2.3, the right-hand side tends to 0 as n → ∞. Hence, we have
By noting r n+1 < 4r n and the maximum principle, we have for r ∈ (r n , r n+1 ) that Proof of Corollary 1.2. We first note that, by the Calderón-Zygmund inequality,
, and hence, we may assume ∇v ∈ L q (R 2 ). Then, by Theorem 1.1, we have ω → 0 as |x| → ∞. Since ω satisfies the maximum principle, we have ω ≡ 0. In this section, we give the proof of Theorem 1.3 and Corollary 1.4. The idea of the proof is using the truncating function h(ω) to control the nonlinear term under the assumption ω ∈ L q (0, T ; L q (R 2 )).
Proof of Theorem 1.3. Similarly to the proof of Theorem 1.1, let ω * > 0 be a constant, and define a function h(ω) by
We also take a function ψ ∈ C ∞ 0 (R 2 ) so that
holds, and for R > 0, we define ψ R (x) = ψ( x R ). Then, noting div ω(x, t) = 0, we have the following identity in the same way to the proof of Lemma 2.2:
and integrating the above identity over R 2 , we deduce
Moreover, integrating it over [0, t] yields
From h ′′ (ω) = q(q − 1)|ω| q−2 (|ω| < ω * ) and h ′′ (ω) = 0 (|ω| > ω * ), we further obtain
Here, B R denotes the open disc centered at the origin with radius R. Now, we estimate the right-hand side. By an interpolation argument, we first note that
Next, we estimate
and easily see
For the term I, we note that, by the Caldeón-Zygmund inequality,
, and the Sobolev embedding leads to v(·, t) ∈Ċ 0,1−2/q (R 2 ) (a.e. t ∈ (0, T )). Namely, we have
Using this, we estimate
The right-hand side tends to 0 as R → ∞ due to ω ∈ L q (0, T ; L q (R 2 )) and the Lebesgue dominated convergence theorem. Therefore, letting R → ∞ in (3.1), we conclude
Finally, by the Lebesgue dominated convergence theorem, the monotone convergence theorem, taking the limit ω * → ∞ implies
which completes the proof of Theorem 1.3. In the appendix, we give an alternate proof of Corollary 1.2. Applying the integration by parts to the vorticity equation
and 0 ≤ ψ ≤ 1. Let R > 0 be a parameter and we define ψ R (x) = ψ(x/R). Taking ϕ(x) = |ω| q−2 ωψ R in (A.1), we have
We estimate I as
Next, we estimate II. When ω ∈ L q (R 2 ), by using the Calderón-Zygmund inequality, we may assume ∇v ∈ L q (R 2 ). This and q > 2 implies that v ∈Ċ 0,1−2/q (R Letting R → ∞, we have R 2 |∇ω| 2 |ω| q−2 dx = 0, which leads to |∇ω||ω| = 0 in R 2 , namely, ∇(ω 2 ) = 0 and hence, ω must be a constant. This and ω ∈ L q (R 2 ) with some q ∈ (2, ∞) show ω ≡ 0. From this and div v = 0, it follows that v is a harmonic vector function, and we conclude the constancy of v by the Liouville theorem for the harmonic functions.
